Introduction
The problem of determining the quality of the industrial products before they are put on the market requires some tests and calculation of some statistical measures. One of statistical measures of process capability analysis is called process capability index C L which can be used to describe the potential capability and process performance. The C L in industry service is utilized to assess whether the prod-uct quality meets the required level. For the applications of C L on electronic components see [1] . The minimum variance unbiased estimator of C L and confidence interval of exponential lifetime products are derived by [2] . Also, in normal lifetime case or exponential, one can see [3] . The applications of C L of Burr XII, Rayleigh and Weibull models discussed respectively by [4, 5] and [6] .
In lifetime experiments, censoring is defined when the exact lifetimes of experimental units are known for some units but not all units. The common ones in lifetime testing are called type-I and typ-II censoring schemes. Firstly, in type-I censoring scheme the life testing experiment stop at prescribed time τ and the failure numbers occur randomly. In type-II censoring scheme, life testing experiment stop at prescribed number m of failures and the experiment time is random. The last two types of censoring schemes do not allow the experimental units to be removed at time other than the final point of the experiment. The general scheme which allows experimental units to be removed through the experiment is called progressive type-I or type-II censoring see [7] . The hybrid censoring scheme is defined as a joint of type-I and typ-II censoring schemes, for more details of hybrid censoring scheme see [8] and [9] . In type-II progressive hybrid censoring scheme, prior to the experiment, the censoring scheme R = (R 1 , R 2 , ..., Rm) and the total life testing experiment time τ are given. Type-II progressive hybrid censoring scheme is described as follows.
Suppose T 1 , T 2 , ..., Tn are n continuous identically distributed failure times of n independent units put in a life testing experiment. Let m, τ and R = {R 1 , R 2 , . . . , Rm} be previously fixed. At the first failure T 1;m,n is recorded, the surviving units with size R 1 are randomly removed from the experiment. When the second failure T 2;m,n is recorded, then randomly R 2 removed from the experiment. The experiment continues until one of the two time (Tm;m,n , τ) is observed and the reaming units are randomly removed from the experiment. The conventional of type-II progressive hybrid censoring scheme is more similar to type-I censoring. The ordered observed failure times are denoted by (T 1;m,n , T 2;m,n , . . . , Tr;m,n) and called type- II progressive hybrid censored order statistics with size r where r = m at Tm;m,n < τ and r < m at Tm;m,n > τ. Figures 1 and 2 show the schematic description of type-II progressive hybrid censoring. It is clearly that at τ → ∞ this scheme reduces to the ordinary type-II progressive censoring scheme For given type-II progressive hybrid censoring data T = (T 1;m,n , T 2;m,n , . . . , Tr;m,n) the likelihood function of PDF f (t) and CDF F(t) is defined by
where θ is the vector of parameters, r is the number of failures occurred before τ,
and t 1;m,n < t 2;m,n < . . . < tr;m,n .
Chen Distribution has a bathtub shaped or increasing failure rate function which is more useful in analysis of reliability. This type of distributions is discussed in different papers, for example, [10] [11] [12] [13] and [14] . Recently, estimating the parameters of Chen distribution under the assumption that data are type-I progressive hybrid censored [15] . In this paper, we discuss the Chen distribution with two parameters as the bathtub shape or increasing failure rate function presented by [16] .
The random variable T is said to be Chen random variable with two shape and scale parameters a and b, respectively if it has probability density function (PDF ) given by
t > 0, a, b > 0, and cumulative distribution function (CDF)
Also, the reliability and hazard rate functions respectively are given by
The Chen distribution with different values of shape parameter a has the following properties 1. For a < 1, Chen distribution has bathtub-shaped failure rate function. 2. For a ≥ 1, Chen distribution has increasing failure rate function. 3. For a = 1, Chen distribution becomes exponential power distribution.
The optimal parameters estimation of this distributions are discussed by [17] under doubly type-II censored scheme.
Statistical inference of C L for the Chen distribution with known shape parameter has been considered under type-II progressive hybrid censoring scheme. The concept of max p-value method discussed in [6] is adopted to select the optimum value of the shape parameter. Then, we constructed the ML estimator for C L and developed a testing procedure for the lifetime performance index of the products with Chen distribution. Also, Bayesian approach is developed of estimation procedure of C L on the basis of the type-II progressive hybrid censored sample with max p-value method.
This article is organized in successive sections as follows, the C L and its properties introduced in Section 2. The ML and Bayes estimators of C L are discussed in Section 3. Testing hypothesis of C L in Section 4 are developed over a lower bound for the C L . In Section 5 numerical example is used to illustrate our purpose. In Section 6 Monte Carlo method is conducted to assess our results. Finally, simple comments are used to describe the numerical results in concluding remarks in Section 7. 
The lifetime performance index
The quality of products show that the longer lifetime product is a larger-the-better type quality characteristic. The lifetime performance of products can be described with lifetime performance index C L . Then random lifetime T is used to denote the lifetime of Chen product with PDF given by (3) . Generally, for products to satisfy customers and be economically profitable the lifetime is required to exceed L unit times. The larger-the-better quality characteristic measured by capability index C L [1] . Under the process mean µ, standard deviation σ and lower specification limit L the C L is defined by
The assessment problem of the C L can be defined as the lifetime performance index. Let T be the lifetime random variable with Chen distribution (3) the random variable Z defined by Z = exp (︀ T a )︀ − 1, a> 0 is distributed with exponential form with PDF given by
This transformation present some important properties, as follows 1. The random variable Z has CDF and h(z) described respectively by
and
2. The transform lifetime performance index C L of Chen distribution with process mean µ= E(z) = 1 b and process standard deviation σ = 1 b is given by
where L is the lower specification limit.
Transformation z = exp (︀ t a )︀ − 1, a > 0 present one-toone and strictly increasing of t to z, so data set of t transformed to data set z and have the same effect in assessing the C L . Also, this transformation enables easy calculation, the C L > 0 for the value of mean 1 b >L. The equations (10) and (11) show that, the smaller the value of b the smaller the failure rate and the larger the C L , and the larger the value of b the larger the failure rate and the smaller the C L . Hence, the C L is used as accurately description to the lifetime performance of a new product. If the lifetime of a product exceeds the lower specification limit (i.e. Z ≥ L), the product is labeled as a conforming product. Otherwise, the product is labeled as a nonconforming product. The conforming rate (Pr) is calculated as the ratio of conforming products that defined by
− ∞ < C L < 1.
Hence, we obtained the strictly increasing relationship between Pr and C L , for known b > 0. For example, if a = 0.38, some different values C L and the corresponding value of Pr are summarized in Table 1 . Other values of Pr can be calculated by Eq. (12) . Since Pr and C L have an one-to-one relationship, therefore, the lifetime performance index can be a flexible and effective tool, in evaluating product quality and estimating the conforming rate Pr.
Bayesian and Non-Bayesian estimations of C L

Maximum likelihood approch in estimation of C L
Let T = (T 1;m,n , T 2;m,n , . . . , Tr;m,n) be the type-II progressive hybrid censored sample from Chen lifetime distribution with the PDF and CDF given by (3) and (4). For the prior censoring scheme R = {R 1 , R 2 , . . . , Rm} and pre-scribed time of the experiment τ the joint likelihood function without normalized constant is given by
where δ j are given by (2) and
So, the log-likelihood function of (13) is given by
For simplicity the value of observed value t i is written instead of t i;m,n . After calculating the derivatives of (14) for b and equating to zero, we get the ML estimator of b aŝ
where
By using the invariance property of ML estimators see [18] , the ML estimator of C L is given bŷ
Theorem 1: Let T 1 , T 2 , . . ., Tr be an type-II progressive hybrid censored order statistic from two-parameter Chen distribution (3) and z = exp
where η given by (16) Proof: let Y i = bZ i , i = 1, . . . , r. It can be seen that Y 1 < Y 2 < ... < Yr is an type-II progressive hybrid censored order statistic from standard exponential distribution. Consider the following transformation
The independent and identically generalized spacings ζ 1 , ζ 2 , . . . , ζr are distributed as standard exponential distribution, see [19] . Hence, (20) has a chi-squared distribution with 2r degrees of freedom.
Remark 1:
The expectation of Equation (17) 
HenceĈ L is not unbiased estimator of C L . But as r −→ ∞, E(Ĉ L ) −→ C L , soĈ L is asymptotic unbiased estimator, alsô C L is consistent.
Bayesian approch in estimation of C L
Consider the gamma prior distribution of the parameter b given by
where the parameters φ and ψ are obtained from our previous experience. Then the posterior distribution can be obtained from Eqs (13) and (22) as follows
By considering a squared-error loss function , ϕ(b,b) = (b -b) 2 , hence, the posterior mean is considered as the Bayes estimator of b given byb
Hence, the Bayes estimatorC L of C L can be written by using (11) and (24) as 
where η * given by (25).
Proof: Let Y=2bη * by using the change of variables see [20] , then we obtain that the PDF of Y is given by
hence, 2bη * ∼ χ 2 2(r+φ) .
Remark 2:
The expectation ofC L can be derived as follows
Hence, estimatorC L is not an unbiased estimator of C L . When r −→ ∞, E(C L ) −→ C L , so Beyes estimatorC L is asymptotic unbiased estimator, alsoĈ L is consistent.
Confidence interval for C L
In this section, we construct 100(1 − α)% lower bound for C L with ML and Bayes methods to decide hypothesis testing procedure for determining that the lifetime performance index of products meets the predetermined level. For this purpose assume that target value c which the lifetime performance index is larger than it. Then, the null hypothesis H 0 : C L < c is constructed against the alternative hypothesis H 1 : C L > c. The two methods is described as follows 1. In the classical approach, from Theorem (1) and the ML estimateĈ L (17) the lower (1 − α) percentile of χ 2 1−α(2r) is given by
For known α the 100(1 − α)% lower bound for C L is
2. In the Bayesian approach, under consideration known α and 2λη * ∼ χ 2 1−α(2(r+φ)) the 100(1 − α)% one-sided credible interval for C L given by
then, the lower bound for C L is given by
where φ is a prior parameters, r is the number of failure andC L denotes the Bayes estimates of C L .
In the following, we employ the one-sided hypothesis testing to test if the lifetime performance index reduces to the required level. The testing steps can be described as follows
Step 1. Gini statistic is employed to estimate the shape Chen parameter a as given in [21] and [22] , as follows the Gini statistic is defined by
where D i = (r − 1)(Y i;m,n -Y i−1;m,n ) for i = 2, 3, . . ., r and D 1 = rY 1;m,n while T i;m,n = exp (︀ T a )︀ − 1. For r > 20, 12 √ r − 1 (Gr − 0.5) tends to the standard normal distribution N(0, 1) . Hence, the P-
where gr is the observed value of Gm and Z has an approximation of N(0, 1). So, by using the maximum P-value method, the optimum value of a is selected and then we suppose a is known.
Step 2. From the observed original data set (t1, t 2 , ..., tn) present (y1;m,n , y 2;m,n , ..., ym;m,n) with transform given by (8) .
Step 3. The index value c and the corresponding lower lifetime limit L is determine, then the null hypothesis H 0 : C L < c against alternative H 1 : C L > c is constructed. Step 4. Two valuesĈ L andC L are calculated.
Step 5. The two lower bound L BML and L BB for C L are calculated. Step 6. Specify a significance level α.
Step 7. Statistical test measured as, if c ∉ [L BB , ∞) or c ∉ [L BML , ∞), the null hypothesis is rejected and say that lifetime performance index of product meets the required level. 
Illustrative examples
In the real life problem, we consider a real data presented in [23] . The data is listed in Table 3 to represent graft survival times in months of 148 renal transplant patients. This data is fitted with Chen distribution see [15] . The observed type-II progressive hybrid censored order statistic is generated from the data in Table 2 , with censoring scheme R = {5 (5) , 0 (5) , 5 (5) , 0 (5) , 4 (5) , 0 (5) , 4 (5) , 0 (3) , 1 (10) }, n = 148, m = 48 and τ = 10 this data are summarized in Table 3 . The estimate value of shape parameter a of Chen distribution is calculated by using the concept of Gini statistic with maximum P-value method as given in Table 4 . The optimum values a that maximize P-value as given in Table 4 is a=0.38 and P-value = 0.9943 hence the parameter a is known. The observed exponential type-II progressive hybrid censored order statistics obtained with transformation z i,m,n = exp (︀ t 0.38 i )︀ −1 are reported also in Table 4 . The lower lifetime limit and transformed limit L t and Ly , respectively given by 0.314 and exp (︁ 0.314 0.38 )︁ − 1 = 0.90393. For consideration of product managers' the Pr of operational performances is required to exceed 80%. With results in Table 1 , the C L value operational performances are required to exceed 0.80. Hence, the target value of performance index is taken as c = 0.80. The testing hypoth- Then, in the two approches we can say the lifetime performance index of the products does meet the required level.
Simulation study
